
Laminar Natural Convection 

Isothermal Flat Plate with a 

Spatially Varying Acceleration 

The classical problem of laminar natural convection to 
a flat vertical isothermal plate has been the subject of a 
number of experimental and theoretical investigations. 
Among the latter are included a well-known analytical 
solution of the boundary layer equations (9), a recent 
numerical solution by finite difference approximations ( 4 ,  
5 ) ,  and a solution by the integral method ( 2 ) .  However 
these studies are for a spatially uniform acceleration such 
as terrestial gravity. Scant attention has been paid to the 
situation where the acceleration varies with location within 
the system. Accordingly the present study was conducted 
to consider such a situation, namely where the accelera- 
tion is parallel to the plate but is directly proportional to 
distance along the plate measured from the leading edge. 

Physically this situation can be approximated (for a 
boundary layer which is not too thick) by a cool isothermal 
plate mounted along the diameter of a spinning satel- 
lite in orbit, as shown in Figure 1. Thus the leading “edge” 
of the plate is at the center of rotation, and the radial 
centrifugal acceleration is given as oz(xz + y2)1/2. How- 
ever in the vicinity of the plate the centrifugal accelera- 
tion reduces to 0% parallel to the plate. 

With Coriolis forces neglected, cooled denser fluid near 
the plate is thrown radially outward, to be replaced by 
warmer surrounding fluid, which for the problem at hand 
is presumed to be very large in bulk and of fixed tempera- 
ture and properties. Were the plate warmer than its en- 
vironmental fluid the situation would be different, partly 
because the leading edge would no longer be at the center 
of rotation and partly because a plug of heated fluid 
would accumulate at the center. 

The physical system here also differs from that of a 
rotating plate in otherwise stationary surroundings. In the 
present case the environment rotates right along with the 
plate. 

One of the present authors first attacked this problem 
by the integral method for a turbulent as well as a laminar 
boundary layer (7) .  For the laminar regime the boundary- 
layer thickness and the local heat transfer coefficient were 
found to be independent of location along the plate. (This 
contrasts with the usual case of uniform acceleration 
where both vary.) Equation (1)  was derived as the overall 
steady state result for the laminar regime: 

However by its very nature the integral method requires 
assumptions regarding the form of the velocity and tem- 
perature profiles. Thus its results are not entirely conclu- 
sive. The solution obtained was also limited to steady state. 
Therefore in the present study a more rigorous analysis of 
the laminar case is carried out which gives the unsteady 
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state solution as well. The procedure involves a numerical 
solution of the finite difference equations which corre- 
spond to the differential conservation equations. Iteration 
in real time is employed, thus yielding first the unsteady 
state solution, followed by the steady state solution as the 
limit at  long time. 

Of course an alternative approach would be to first 
equate all temporal derivatives to zero. This procedure 
was used successfully without the usual boundary-layer 
assumptions for a more complicated system involving 
natural convection between horizontal coaxial cylinders 
under uniform acceleration (1). However such an ap- 
proach is necessarily limited to steady state and so was not 
employed here. 

It might be noted in passing that among natural convec- 
tion problems in general, only a few finite difference solu- 
tions have appeared. 

THEORY 

In dimensionless form the equations for the conserva- 
tion of energy, momentum, and mass respectively are as 
follows: 

au dU au 
a7 ax ay aY2 

-+ u-+ v-=+ .x + (””> (3)  

(4) 

These of course are for negligible changes in fluid prop- 
erties (except density in the buoyancy term), negligible 

Fig. 1. Physical system. Rotation is about the 
Z axis. 
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Y .  DIMENSIONLESS DISTANCE FROM PLATE 

Fig. 2. Transient and steady dimensionless 
temperature profiles for a Prandtl number of 

0.71. 

viscous dissipation, and negligible changes in potential 
energy. Derivatives ( az+/aX2) and ( a2U/aX2) as 
well as the entire momentum balance for the Y direction 
are omitted for the usual classical reasons (9). 

The differential equations thus resemble those for the 
classical case of uniform acceleration, except that g is 
replaced by w2x. The dimensionless groupings employed 
obviate the need for Grashof number as a parameter. 

The boundary conditions are as follows: 

u=o a t X =  0 
U = V = Oand C$ = 1 atY = 0 
u=+=o atY = 00 

u = v = + = o  a t7  = 0 

These are the same boundary conditions of those for uni- 
form acceleration (3 ,  1 0 ) ,  with one important exception. 
The condition of 4 = 0 at X = 0 does not apply here be- 
cause the boundary-layer thickness is not zero at the lead- 
ing edge. Instead use is made of symmetry around the 
edge (which is at the center of rotation). Thus 4, V, and 
U at location (X, Y )  equal 4, V, and -U respectively at 
location (-X, Y ) .  

Next differential Equations (2) ,  ( 3 ) ,  and (4)  are re- 
placed by corresponding explicit finite difference equa- 
tions. These two-dimensional equations can then be sim- 
plified by showing that at time T = AT (that is the first 
step in time) 4 and V are functions only of Y and T, and 
U for a particular Y and 7 is directly proportional to X. 
Then substituting the mathematical equivalents for these 
statements (into the aforementioned two-dimensional dif- 
ference equations) yields similar statements for 4, V, and 
U at any subsequent time, including steady state. Details 
of this algebraic analysis have been placed on file (12). 
[The results are equivalent to those obtainable by first as- 
suming the statements to be true and then substituting 
their mathematical equivalents directly into the differen- 
tial Equations (2 ) ,  ( 3 ) ,  and (4) . ]  

This independence of X for 4 and V, and the propor- 
tionality of U to X ,  are in agreement with the steady state 
integral solution mentioned earlier. * 

For computational purposes the problem is now reduced 
to one dimension. Equations ( 5 ) ,  ( 6 ) ,  and (7)  are the 
resulting difference equations for X = 1: 

( +n' - &)/AT + Vn (& t 1 - c $ ~ )  /AY 
= (+~+1-2$n+$n-1)/Npr (AY)' (5)  

( u n ' - U n ) / A ~  + u n 2 + V n ( u n + 1 - u n ) / A Y  
=&'+ (Un+1-2Un+ U n - I ) / ( A Y ) 2  (6)  

Un + ( v n  - V n - l ) / A Y  = 0 ( 7 )  
Integer n is defined by Y = ( n  - 1) AY. The choice of 

forward or backward differences here for the first-order 
terms involves stability considerations ( 4 ) .  Stability re- 
strictions are as follows: 

IVl/AY + 2 / N ~ r  (AY)2ZS  AT 

u + ( v I / A Y  + 2/(Ay)' 5 l /A ,  

( 8 )  

(9) 

DISCUSSION AND RESULTS 

Computations were first carried out at a Prandtl number 
of 0.71. Fortran I1 was employed with an IBM-1620 com- 
puter. In addition, some calculations were deliberately car- 
ried out without the one-dimensional simplification dis- 
cussed above. Results for such two-dimensional calculations 
agreed with those for one dimension as would be expected. 

The increments employed in the computation for N P r  of 
0.71 were AY = 0.22 and AT = 0.015. Figure 2 presents 
the resulting transient and steady dimensionless tempera- 
ture profiles. These do not vary along the plate. Figure 3 
presents the resulting transient and steady dimensionless 
velocity profiles. A rapid initial buildup in both profiles is 
evident. 

In Figure 4 the numerical solution for transient 
N N ~  ( N G r )  - l I4  is compared with the analytical solution 
for one-dimensional heat conduction (6) which should be 
nearly correct at small T. The two solutions agree well with 
each other. 

It is interesting to note the fairly close comparison be- 
tween steady state values for N N n ( w G r )  -u4 determined 
here for nonuniform acceleration and those reported for 
N N ~  ( N G ~ )  with uniform acceleration. For example at 
N P ~  = 0.71 the former is 0.374, while the latter (via inter- 
polation) is 0.355 for uniform surface temperature (8) 
and about 0.42 for uniform surface heat flux (11). This 
would seem to imply that insofar as the Nusselt number is 

O The simplification for @ also means that for the present situation of 
spatially varying acceleration, uniform surface temperature implies uni- 
form surface heat flux. This simple equivalence between the two bound- 
ary conditions is in marked contrast to the classical situation of uniform 
acceleration in which ,the two are dissimilar. 

Y, DIMENSIONLESS DISTANCE FROM PLATE 

Fig. 3. Transient and steady dimensionless 
velocity profiles for a Prandtl number of 0.71. 
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SIMPLE CONDUCTION Pi 
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Fig. 4. Comparison of transient solutions at  
short times for a Prandtl number of 0.71. 

concerned w2x in the present system plays roughly the 
same physical role as g in the classical case of uniform 
acceleration. 

The numerical computation was extended to Npr = 
0.01 and NPr = 10. Figure 5 shows overall results at 
steady state for all Npr.  

For comparison with the present analysis, Figures 3, 4, 
and 5 also show results of the integral method. Agreement 
is good. Values for N N u ( w G r )  -ll4 calculated by the two 
different methods agree within 5% at N p r  = 0.71. 

The very good agreement with conduction theory at 
short times, coupled with the good agreement with the 
integral method at long times (steady state), support the 
validity of the results at intermediate times. 

r, DIMENSIONLESS TIME 

SUMMARY 

By replacing the differentia1 equations of conservation 
with corresponding finite difference equations, a solution 
was obtained by digital computation for laminar natural 
convection to a flat isothermal plate with a parallel ac- 
celeration proportional to distance along the plate meas- 
ured from the leading edge. For step function transient 
conditions or steady conditions the local coefficient of heat 
transfer was shown to be independent of location along 
the plate. Comparison of results at steady state with those 
for a recent solution by the integral method yielded good 
agreement. Comparison with theory at  short times also 
yielded good agreement. 

0.01 0.1 10 

NPr 

Fig. 5. Overall results at steady state for various Prandtl numbers. 

NOTATION 

c p  = 
- - L 

k =  

NGT = 
N N ~  = 
NPT 
t =  
T =  

u =  

v =  
x =  

N ’ G r  = 

u =  

v =  

x =  

- - L= 

heat capacity at  constant pressure 
uniform acceleration such as gravity 
local heat transfer coefficient 
thermal conductivity 
Grashof number, w2x4PAT/v2  
local terrestrial Crashof number, gx”p~T/v2 
Nusselt number, hx/k 
Prandtl number, c p p / k  
time 
temperature 
velocity parallel to plate 
dimensionless parallel velocity, u/ ( w 2 v 2 p ~ T )  114 
velocity normal to plate 
dimensionless normal velocity, v /  ( w2v2j?&I’) 
distance (parallel to plate) from leading edge 
dimensionless distance, x ( w 2 p ~ T / v 2 )  
distance from plate 
dimensionless distance, y ( w 2 p ~ T / v 2 )  

Greek Letters 
8 =  
A T  = 
s L =  

P =  
v =  

$ =  
7 =  

w =  

coefficient of volumetric expansion 
overall temperature difference, Ti - T p  
dynamic viscosity 
kinematic viscosity 
density 
dimensionless temperature, (Ti - T )  / A T  
dimensionless time, tw\ /pAT 
angular velocity 

__ 

Subscripts 
i = initial 
m 
n 
p = plate 

= integer denoting grid position parallel to plate 
= integer denoting grid position normal to plate 

Superscript 
‘ = after time interval AT (except for w ~ r )  
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